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Theinvestigationpresentedhereinof‘thesoundfield
sourceovera plane-boundaryinthepresenceofa vertical
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abouta point
temperature

gradientrepresentsonephaseofa general.programofresearchinatmos-
phericacoustics.

Inthisreportgeometricalrayacousticsisemployedto derivethe
raypathsandtheintensitydistributionabouta sourcelocatedina
uniformlystratifiedmedium.A comparisonoftherelativeeffectofthe
stratificationontheintensityfroma directivesourceandfroma spher-
icalsourceismade.

Alsopresentedisa theoreticalanalysisofthesoundfieldinthe
l’shailowzonett(diffractionregion)formedoveranabsorbingplaneboundary
ina temperature-stratifiedatmosphere.me analysisholdsfor.bothtwo
andthreedimensions.Theboundaryconditionattheplameisgivenbya
normalacousticimpedanceindependentoftheamgleof incidence.As in
thecorrespondingproblemofunderwatersoundwheretheboundaryisa
pressure-releasesurface,itisfoundthatthemajorportionofthesound
intensityintheshadowregiondecaysexponentiallywithdistanceata
rateproportionaltotheone-t~d poweroffrequencyandtothetwo-
thirdspoweroftemperaturegradient.‘lTheeffectofgroundimpedance
entersmainlythroughitsresistivecomponent.Therateof sounddecay
fora pressure-releaseboundary(zeroimpedance)isfoundtobe 2.3times
thatfora reflectingboundary(infiniteimpedance).

FinalJytheresultsofmeasurementsofthesounddistributionina
two-dimensionallaboratorychsniberinwhicha largetemperaturegradient
wascreatedarereported.Measurementsweremadeatvariousfrequencies
forbothreflectingandabsorbingboundaries,andtheresultsarefound
tobe ingoodagreementwiththeory.
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INTRODUCTION

A studyofthepropagationof soundin

NACATN3494

theatmospheremusttake
accountofthefact%L= themediumis,ingeneraL,neitherhomogeneous
norquiescent.Theprincipalatmosphericfactorsaffectingsoundpropa-
gationseemtobe hmnidity,turbulence,ad windandtemperaturegra-
dients(ref.1). Inadditiontothese,theeffectofthegroundmustbe
considered(ref.2). Withtheexceptionofhumidity,theeffectofwhich
isgeneraldysmall,thesefactorsareclearlyinterrelated,thestren@h
of onebeingsomewhatdependentonthepresenceoftheothers.

Thepresenceofturbulencecausesattenuationof soundasa result
ofa scatteringofthesoundener~,theattenuationincreasingwithfre-
quencyandwindvelocity.Turbulencehasgenerallybeenconsideredthe
factorofmajorimportanceamongthosementioned(ref.3), althoughno
systematicstudyofit seemstohavebeenmade. Theexistenceofwind
andtemperaturegradientsisevidencedinthecontinuousrefractionof
theacousticraysorener~paths.Thiscontinuousrefractionin itseE,
haslittleinfluericeonthesoundintensity;however,theeffectofrefrac-
tionb attenuatingsoundmaybe greatlyenhanced,oftenexceedingthatof
turbulence,owingto a peculiarinfluenceofthegroundboundaryresulting
in “shadowformation!’as illustratedinfigure1. Thisphenomenon,which
hasbeenre?alizedandstudiedinsomedetailinthefieldofunderwater
sound,seemstohavebeenoverlookedh theatmosphere.However,unpub-
lishedfieldmeasurementsobtainedat theMassachusettsInstituteof
Technologyhaveclearlyshowntheimportanceof shadowformation,and ‘--
thepresentdetailedstudyofthesoundfieldinthetemperature-created
shadowzonewassuggestedby theseobservations.

ThisinvestigationwasconductedatM.I.T.underthesponsorship
andwiththefinancialassistanceoftheNationalAdvisoryCmmnitteefor
Aeronautics.
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frequencyparameter,f3cop@

soundvelocity,functionof z

soundvelocityatground

“height”ofatmosphere

Hamkelfunctionof secondkindofordern .
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/h sourceheight

I intensity

Jn(x) Besselfunctionofordern

k propagationconstant

L totalpoweroutput

Q2=$-$
r -radialcoordinate,distancefromsource

‘o distancefromsourceatheighth to shadowboundaryat
heightz

To absolutetemperatureat ground

to travelthe fromsourceat heighth to shadowboundaryat
heightz

I z
u= Q dz

Zo

Jo
%= Q dz

Zo

z acousticimpedanceofground

z-q3(@ linearcombinationofone-thirdorderBesselfunctions

z verticalcoordinate,receiverheight

‘o first-orderzeroof Q, Q(zo)= O

a soundvelocitygradient

P temperaturegradient

.-
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K impedanceratioofground,z/poco

T admittanceratio,lj~

e resistivecomponentof impedanceratio

P densityof

Po densityof

T definedby

air

airat ground

k=#-CosT
“o

9 velocitypotential

RAYACOUSTICS

Formanyproblemstivolvlngthesoundfieldabouta sourceina
nonhomogeneousmediumthehigh-frequencyapproximationaffordedby geo-
metrical(ray)acousticsis sufficient.Unlessonlyqwlitativeresults
aredesired,however,themethodbecomeshpracticalintheneighborhood
ofreflectingboundaries,andit clearlyfailsinsidea shadowzone.In
thecaseofa soundfieldfrcuna sphericalsource,rayacousticspredicts
verysmalleffectsfromthetemperaturegradientswhicharenormally

.

encounteredintheatmosphere.Thus,forinstance,thenorml adiabatic
lapserateof1°C per1~ meterscausesa sounddimintiioninthehori-
zontaldirectionofonly104# decibels(r inkilometers)inaddition
tothediminutionindicatedbytheinverse-squarelawforshortranges.
Thereis,however,onecasesmenableto rayacousticswherea temperature
gradientcanhavequitea significantinfluenceona soundfieldandthat
iswhenthesourceisdirective..

Thepathofa soundrayisdetermineddirectlyby Fermat’sprinciple
whichre ties thatthepathbe suchthatthetimeoftraversalisa

?minimumorexlxemum).Thisconditionismetby requiringthattheinte-

J J
b be stationaryor,expressedsyaibolicall.y,that 5 ~ = O,pal ~

where ds isan elementofthepath, c isthevelocityatthatpoint,
and 5 istheconventional.symbolforthevariationofa functional.It
isassumedthat c isa functionof onecoordinateonly,nsnely,c(z),

Fsothat ds = 1 + (r’) LIZ,where r’ = d.r/dz.TheNer equationcorre-
spondingtotheproblem

—— .—.—
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is ,

[ 1-&.(Z)-)* =o ~ ,

whence,

(r’)2 ~2=—
1 + (r’)2 A2

where A isa constant.Thegeneralequationfortheraypathisthen

1C(Z) dz

‘= m
(1)

Putting ~ = tanf3,where e istheangleof inclinationoftheray,gives
ar

A = c(z)
cos e

whichisSnell’slaw. Thus,tithe titegrandinequation(l), A plays
theroleofa raypammeter.Thetitegmtionofthisequationfields
circularpathsfora constantvelocitygradientmd cycloidsfora veloc-
itygradientproportionaltothesquarerootofonecoordinate(constant
temperaturegradient).

Distanceto ShadowZone

Considera sourcetobe locateda heighth aboveground(at z = O)
andsupposethesoundvelocityto diminishwithheight.Thoserayswhich
justgrazetheearth,thatis,whichhavezeroslopeat z = O,thendefine
a boundingsurface(inthreedimensions)separatingthesoundregionfrom
theshadowregion.Fortheserays,clearlytherayparameterA
equalsco> with Co thevelocityat theground.Thehorizontaldis-
tancebetweena sourcelocatedat z = h andthestartoftheshadowzone
isthen .

Jh
r(h)= C(Z)dz

o“{=
(2)

.__—_ .—..—...— -——..._ _ ——.- —. - —. ——...-



.—

6 NACATN3494

.

Ifthereceiverislocatedata heightz ontheshadowboundary,then
thehorizontal

Fora constant

Fora constant

distancefromsourcetoreceiveris

‘o = r(h)+ r(z)

gradientofvelbcity,C(Z)= Co - aZ and
.

/(coGh2r(h)= --G

temperaturegradient

cdl)/-—=$2?co (3)

P, c(z) = co~ - (,zpojp’ and

(4)

,,

Theappro-tions holdforsmald-valuesofthegradient.Eqyation(4)
hasbeenplottedinfigure2 forthecaseinwhichsourceandreceiver
areatthesameheight.

Thetravelthe to oftherayfromsourceto
discussedstisequently.Thistimemaybebrokenup
where

shadowboundary
into to = t(h)

is
+ t(z),

Thevalueof r‘ hasbeensubstitutedfromeqyation(2). Fora con-
stanttemperaturegradient,

IntensityDistribution

(5)

Oncethepathsofthesound.rayshavebeendetermined,itisa simple
matter,as showninreference5, to calculatetheintensitydistribution
b’yconsideringthegeometricaldivergenceoftheserays. Thus,consider
a sphericalsourcewitha totalpoweroutputL. Theintensityona
smallsphereofradiusa centeredonthesourceisthen L/4fia2.Con-
sidernowtwoneighboringrbysleavingthesourceat anglesofelevation
@O =d $0 + 6$0. Then,throughthespaceboundedby thetwosurfaces
formedby rotatingtheseraysaboutthe-z-axis,a-certainamountofpower

L’

-——
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5L flowsequaltothatwhichfaldsonthespherezonecutoutby these
rays;thatis,

me intensityI atanypoint(r,@)isthentheratioofthispower t5L
to thearea 2na8s throughwhichitflowsatthisdistance,W being
theperpendicularseparationof

Thevalueofthe
Fromfigure3 it

therays. Thus,

L COS@o
4nr

interval&s alongthe
canbe determinedthat

(6)

rayremainstobe calculated.

&r = sin@r

P

.

Thequantities5@ and
fromSnell’slaw,which

dz appearimgintheintegrandmaybe computed
reads

QQ-=
Cosq.

Cos(p+,59)

(Cosgo -1-Ego)

c(z)
co

C+5C=

Neglecting5C andexpandingthecosine

@@@’ (tan

DifferentiatingSnel.1’sequationgives

dz=--Q!L_
C’tanq

(7)

(8)

—.—— ———— —. ..-— — ————
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where c’= ~.dz Ccmibiningeq~tions
.

50 = -sin@ tan

(I’)ad (8) gives

fwo&&j
finally

(9)

Theseresultsarenowappliedto thecaseofa constanttemperature
gradient.Forsimplicitythesourceandreceiverareassumed.tobe at

() 1/2
thesameheight.With C(Z)= Co1+* ,

0

()

Cosgo21 dc IL——= —
Cdz 2 To COS~

andequation(8)becomes

Thevalueofthis

J-2Tosqbin$o $$
T

cot2$d$
Cosygo $0

2To/p

[
$id@o -@) - (@CI-@)sin

cosygo

quantityatthesourceheightis

1

obtainedby putting
~= -ffO(notethattheaboveintegral
from $$0to -$0 sinceitdiverges);

4T0Sti@o ~
%=— ~ Coszflo(

maynotbe evaluatedd-tiectly
whence,

+@ot~90) (@=-@o) (10)

Thehorizontaldistancer fromsourceto receiver(atthesourceheight)
maybe expressedintermsof @o as

Here,usehasbeenmadeofthedifferentiatedformofSnell’slaw,equa-
tion(8). Intermsof l.,theintensityfromthe’ssmesourceina

( )
homogeneousmedium10= ~ , theexcessattenuationduetotheinhomo-

4Ycr2 ,,
geneityisobtainedfromequations(6)to (10)as

—. ——
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where @o isrelatedto r inequation(n). Forsma12~ues of
pr~o equations(11)and(12)combineto give

Fora sourceI‘
()

witha directivitypatternf do ,

(-$‘k%

(E?)

(13)

Therelativeeffectofa temperaturegradientona sphericalsourceand
ona directiveoneis illustratedinfigure4,whereequations(U?)
and (13) havebeenplottedas a functionofthedistance~eter Prpo
fromequation(n) fora siqplesource.Thesecondcurveisfora dipole
source“orientedat 45°to thehorizontal,f($0)=cos5~-(Yc/4~. It
is seenthatoutto a distanceof ~= 1.8 (about~kilometersfortheTo
normaladiabaticlapserate)theeffectofthetemperaturegradientisto
increasethesoundreceivedfromthe‘dipolesourcebutto diminishthat
fromthesphericalone. Uulessa temperatureinversionprevails,a
shadowzonemay,of course,beginto formbeforethispoint.

DIXl?RACTIONINTOSHADOWZONE

In orderto derivean expressionforthesounddistributionwithin
an acousticshadowzonebroughtabotiby a temperaturestratificationof.
themediumabovea planeboundary,severalapproachesarediscussedand
evaluated.In oneapproachtheformalGreen’sfunctionsolutionto the
waveequationin sucha mediumisderiyedasa seriesofnormalmodes.
Thefundamentalbutinvolvedmethodof contourintegrationpresentedby
PekerisisdiscussedbrieflyandcomparedwiththeGreen’sfunction
method,thecaseofa mediumwitha constant(acoi.wtic)velocitygradient
beingusedasa basisforcomparison.Finally,an approximatesoltiion
ispresentedforthecaseinwhicha constutgradientoftemperature
existsb themedi& Therapidconvergenceofthissolutioninthe
shadowzoneis suchthatthebehaviorofthesoundfieldwithinthis
regionisadequatelyexpressedby thefirstmodeintheseries.

——- ..—.— . . .. —-
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FormalSolution

Considera sphericalsourceof soundwhichisdrivenata constant
frequencyf = o/&, locateda distanceh abovea groundboundaryat
z = O,andassumedacousticallydescribedby a norml impedanceZ,
independentoftheangleofincidence.Supposethemediumtobe strati-
fiedsothatthesoundvelocityisa functionoftheonecoordinatez.

The-soundfieldmaythenbe derivedfrom
satisfyingthewaveequation

V%+<#
c(z)

outsidethesource.

a velocitypoten%iklfietit

Theuseofthisequationentailstwoappro~tions
namely,theusualonethatsmaKlamplitudesarerequired
thefractionalchangeinanypropertyofthemediummust

(14)

fromtheoutset,
and,also,that
be smallinthe

distanceofa wavelength(seeappendix). Thelatterconditionisa
restrictiontohighfrequenciesbutisnotstringentevenforthevery
hightemperaturegradientswhichwerecreatedartificiallyh themodel -
weatherchanibertobe describedmibsequently.Forexample,if 5A is
writtenforthechangeinwavelengthinthedistanceofa wavelength,
thentherequirement(57@ << 1 isequivalentto (a/f)<< 1 where

a = ~ isthevelocitygradient.tipracticea isoftheorderof

0.01second-lfora stable(adiabatic)atmospherewhile,inthechamber,
valuesashighas 120second-~wereproduced.

Equation(14)canalwaysbe separatedin
b~ putting@(r,z). R(r)F(z),whichgives

and

~+[a@!F=O

cylindricalcoordinates

(15)

(16)

where & istheseparationconstant.Now,ifit”isassumedthat
(1)thevelocityC(z) isa continuousmonotonicfunctionof z such

%

,.
———
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that c(0)= co and c(H)= 0,that(2)at z . 0 theboundarycondi-
Ztionis - = — andthat(3)forlargevaluesof z thesolution

dF/dz tip’
representsupgoingwaves,a setofeigenfunctionsFro(z)andcorre-

spondingeigenvalues—-~-,.qaybe determinedbasedupontheseassumptions.
Thesolutiontotheproblemmaythenbeexpressedinthefollowingequa-
tionasan infinitesumoftheseeigenfunctionswithundetermined
coefficients:

p = >A#o(2)(%d%(z)
m

(17)

Here,&(2)(&r) is chosenas thesolutiontoequation(15)inorder
to insureoutgoingwavesinconjunctionwiththetimefactor . Ineiu)t

orderto evaluatethecoefficients~ equation(14)mustbe rewritten,
introducinga sourcetermontherightcorrespondingto a pointsource
atr=O, z = h, asfollows:

v’2g+
~2

2 5(r)5(z- h)—fl=-~
C(Z)2

Here, 5 standsforthe“delta”function.Substitutingequation(17)
intoequation(I-8)andmakinguseofequation(16)leadto

{[

ldrd——
rdr

}
~ %(2)(%] + %2%(2)(*) ‘Fro(z)= - ~ 5(r)5(z- h)

Now,multiplybothsidesofthisequationby Fn(z) andintegrateover
thesurfaceofa smallcylinderenclosingthesource.Becauseofthe
orthogonalityofthefunctions,it ispossibleto obtafithefollowing
equation:

“ -4flm(h) (p)(~)

J

H =%r&%
Fm2(z)dz

o

~.. . .—— .—. .—__ ——.— .—— ——— –— - - --
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J Fmz(z)
o

Thesolutionis,then,

qeimt. -fietit~
El

dz

H$2)(~)Fm(h)Fm(z)

~HFj(z) (iZ
‘o

Fmwhere
-=* at ‘=0”

(x,z)thesolutionfoll.owsthenltwodimensions

withthe

The
bopndary
inwhich

ssneboundary

functionsFm
conditionsat
thevelocity

‘%lx{Fm(h)Fm(z)
= .ai~ e

‘1 %JH%?(z)dz

(19)

samepattern;thus,

(20)

conditionson F.

dependonthevelocityprofilec(z) andthe
themound. Twocasesarenowconsidered,one
c(z) dimi.niahesproportionallywiththeheight

(constantvelocitygradient)andtheotherinwhichitdiminisheswith
thesquarerootoftheheight.

MediumWithConstantVelocityGradient

Equation(14)hasbeensolvedinreference6 forthe
sourcelocatedunderwaterwith c(z)= a.z.h accordance
tionofreference6,reversethesignofthez-coordfna.te
sourcetobe locatedat z . IYandthegroundat z . 7.
functionsoltiionsto equation(16)arethen

caseofa
withthenota-
andassumethe
Theeigen-

Fm(z)= Z1/2Jin(i&Z)

—
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where

(21)

()~2 1/2
Here n= ~-~ ) n=qj and ~ = %7. Thegeneralsolution,

a
equation(19), thentakestheform

@ = 433-((“’)1/2> II$2)(k@J@k@Jti(%z)

72 m [l+(n2/%n2)]Jin2(%u)+(Jin’)2(%m) ’22)

Fora pressurereleaseattheboundary,~+” =d Jill(%) = 0) ~
whichcaseequation(22)comesunderPekeris’solution.

Discussionofmethodof solution.-It isperhapsworthwhileatthis
pointto givea briefs~ ofthemethodusedby Pekeristoarriveat
hissolutionin orderto compareitwiththemethcxiofnormalmodes
employedherein.Pekerisstartsfromthewave.equation(withouta source
term)anddividesthemediumtitotworegions,oneabovethesourceand
theotherbelow.ThefunctionF isexpressedasa linearcmibination

1/21ti(kz)and Zofthefunctionsz l/~n(kz) ineachregion,I and
K beingthemodifiedBesselfunctions.Thefourarbitraryconstants
involvedarethendetermined(1)by theboundaryconditionatthewater
surface,(2)by therequirementthatthepressurebe continuousacross
theinterfaceofthe’tworegions,(3) by therequirementthatat great
depthsthesolutionrepresenta downgoingwave,amd(4)by thesource
stren@h. Inthiswaythesolutionisexpressedas an integrsloverthe
separationconstantk as

wC/= Jock dk (23)
o

thepathofintegrationbeingdeterminedto satisfythesourcecondition,

thatiS,suchthat -
J
~ dS. 4fiq,where q isthesourcestrength.

An investigationofthebehavioroftheintegrandinthecomplexk-plane
revealsthatitisf!reeofbranchpointsbutthatitpossessespoles
andthattheseareallsituatedinthefourthquadrant.Thetitegral
inequation(23)isthensplitintotwotitegalsby writing

. ... . . . . — ... . . . . —.—.—..— ———. .—— _ . .— _ .-——. —z ..— --
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1(Q(kr)+~ 1‘2)(@) , andthepathof integrationoftheJo(b) =;%

newintegralsisdeformedto enclosethefirstandfourthquadrants,
respectively.Thisprocedureresultsinthesolutionbeingexpressed
as a sumofresiduestakenat thepolesofthei.ntegrandInthefourth
quadranttogetherwithtwotite~alstakenrespectivelyovertheposi-
tiveandnegativeimaginaryaxes. Thesetwoiptegralscanbe shownto
canceleachother,sadtheremainingsumofresiduesisequivalentto
eqhtion(22)with J~(~) . 0 at q = BJ.

..

ThismethodOY ~oltiionis clearlytedioussticeforeachcaseit
mustbe ascertainedwhetherbranchpointsexist,thattheintegralstaken
alongtheinfiniteaxesvanish,EL@thattheraining integralsoverthe
imagimryaxescancel.l?romthetheoryofnormalmodestheseconditions
wouldbe expectedto holdautomatically.Thatthetheorydoesnotpre-
cludethepossibilityoftheetistenceofbranchpointsbutonlyrequires
thattheyshallnotcontributetothesolutionis illustratedby thecase

I 1/2,winchiSalsodiscussedbyPekeris.Thewhere c(z)= co (1+ az)
integrandcorrespondingto equation(23)nowcontainsthreebranch
potits,andthesolutionincludesauadditionalbranchlineintegral.
Howeverjby a detailedexaminationofthephasechangesofthisbranch
lineintegrandas itistakenaroundthebranchcutPekerisisableto
showthatitsco~tributionis zero.TheuseofPekeris’methd,then,
wouldseemtobe dictatedonlyin caseswherethenormal-modetheory
breaksdown.ThisoccurswheneverthefunctionF oritsderivativeis
discontinuous,forthenthenecessaryorthogonalityrelationwhichnor-
mallyresultsfromequation(I-6),namely,

( )z=H‘~n .F~n =0=
2=0

(%2 - %2) f: ‘m!’n‘z (24)

no longerholds.ti racticethefirstderivativemust,of course,
Talwaysbe centtiuouscontinuityofvelocity),buta disconttiuiiyin

thedensitywillmake F discontinuous(continuityofpressure). Again,
ifthereisa discontinuityinthesoundvelo.ci~C(z),theeigenfunc-
tions Fm donotforma completeset(ref.7.)-althoughtheysrestill
orthogonal;however,equation(24)stillholdss&ce onlythesecond
derivativeisaffected..Inall-”ufthesecasesthesolutionmustinclude
a branchlineintegral.Jna homogeneous(infinite)mediumthiswillbe
theentiresolutionsincethentherearenomodes(continuousspectrum).

Asymptoticsolution.- tianappendixto reference6 Pekerisderives
an asymptoticexpressionfortheimag

Y
-orderBesselfunctions

appearinginthesolutionofequation(22 hereinwhichisvalidfor
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( )highfrequenciesn =: large. Useismadeofthisexpressionto

arriveata genershrelationfortherootsofequation(21)validfor
snarbitraryboundaky.

b thelimitoflargevaluesof n reference6 showsthat
asymptotically

where

(EI=inT- tan-% )
T= -i~+ (#/n2]1’2

Sincethevalueof T issmall(attherootsitisproportionalto

‘1/3 for~gh fre-Co
~ Q. presentedsfisequently~d itVaries”asf

quencies),theinversetangentmaybe expandedasfollows:

(EI.in~T3 -~@+...
3 5 )

Retainingonlythefirsttermgives

or

where A.&= ~(3em)2/3.Thisexpression

sinceelsewhe~eT neednotbe smll.

Now,theHankelfuuctionappearimg
asymptotically(largevalueof r)by

.
.,

(25)

(26)

holdsonlyattheboundaryz . 7,

inequation(22)isrepresented

.—— -–..— ..—— ,
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()%(2)(%F)“ ~ ‘-i‘r-f
Sincetherootsfromequation(26) havea positiveimginarypart,this
cletilyleadsto anexponentialdecayatlargedistancesfromthesource.

Therateofdecayindecibelsis
( )/
8.68~ ~1/3 7 decibelspermeter

foreachmode. It isthusproportionaltotheone-thirdpowerofthe
frequencyandtoa constantvalueof ~, whichisnowdeterminedfrom
theboundaryimpedance.

Introducingtheasymptoticexpression(25)intoequation(21)to

obtainthe

Fora
casewhich

Fora

rootsandwritingB-l= 1 -t2iq(0/a)give

() 2inBT3
cote -i ‘T2+B(.&n2) (27)

pressurerelease,B = O and Om= fib- (1/4~. Thisis the
Pekeristreatedandleadsto Al = 1.8’j,A2 = 3.24,. . . .

PC boundaryB-l= 1 + 2i(@ * 2in and

Thisgivesapproxinmtely

‘m=+-a-(3”3
forlargevaluesof n. Thus,inthiscase,therootdependsslightly
onthefrequencybutmayalwaysbe ascertainedforanygivenfrequency
by iteration,thatis,by insertingthevaluem~ - (1/4~ for em on
therightto obtaina secondapproximation,andsoforth.

Fora hardboundary,B . 1 andequation(27)reducesto

()tote .-~ = 2inT3 . -2ti+
T2+ (x2/n2)

1=-6’~+$3513(:--

—— . . . — —
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Thisgives rel= 0.365,92= 3.88,and em=fim
whence,Al = 0.53 and ~ = 2.57.

Numericalexamples.-At largedistancesfrom
fifstmodeis clearlytheonlysurvivingone. As.
a= 0.01second-~,whichisa typicalatmospheric
thedecayratesforthefirstmodeare44db/mile
for Z =-Pc,and12.5db/milefor Z . ~. A:
a= 1(Xseconds-l,f = 10,~ CPS,and Co=
forthiscaseare8.6db/footfor Z . 0, 8.4
2.6db/footfor Z = m.

- (3/4], with m> 3;

thesourcethe
an example,take
value.At 500CpS
for Z . 0,43db/mile

a secondexample,take
42om/see.Thedecayrates
db/footfor Z = PC,and

MediumWitha ConstantTemperatureGradient

Ina mediumwitha constanttemperature&adientthevelocityfunc.
tionis

C(Z)= co~ - (Bz/T~1/2

where To istheabsolutetemperatureatthegroundand ~ = dT/dzis
thetemperaturegradient.To obtaina solutionto equs,tion(16)a method
proposedby Langer(ref.8)isadopted.Langershowsthat

d2F

2
+( Q2-O)F=O

where

hastheexactsolution

inwhich

-rzu. Qdz
‘zo

zl/3 linearcombinationofBesselfunctions

ZO first-orderzeroof Q

(28)

.— .—- .— — ~.—- .Z.. .—z.. ~-. _.—.
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Thesesolutionsgiveninequation(28)area goodapproximationtothe
actualsolutionsofequation(16)providedthat Q2>> 8. Now,inthis

case,with @ =u2/ c(z)2 - k2 theterm f3
SyrfibolO means“orderof”)

with H = To/P”Also it
textandequation(46~of

becomes(seeappendixB;

+...

appearsfromequation(39)ofthebodyofthe
appendixC thatforhighfrequencies

Q: - (3u@2/mc:)213

TheconditionQ2>> Elmaythenbe replaced

(0CDHCo>>l
by

(29)

Tl& restriction,however,is
assumedinorderforthewave
f/us tio/(fico~)where a.

essentiallythesameasthatalready
equation(eq.(14))tobe valid,since
dc/dz.

Intermsofthesefunctions,thesolutiongiveninequation(19)
takestheform

wheretheeigenvalues~ areobtainedfrom

p

ti.%’/2H1,~2)(%)=& ;l/2H (2)(U)
()

-——
‘Qo 1/3 1Z=o (31)

Here, %(z = 0) =Uo, ~(h) =Ul, and %(z) =u; similarexpressions
areobtainedfor Q. Forthefunctionsc(z)chosen,

—-
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(H= To/~) (32)

and

u‘JQ‘z=(02H/c@t=-’(Q/k)-‘H-“Q (33)

ThesubstitutionQ = k tanT reducesequation(33)to theform

T—- ()SjJIT+ ~vm=Cl
COS T

(34)

with

vm . ~e-ti

Also,it isshowninappendixC thatequation(31)maybe a~ro-ted
by

‘1/3(vm)+ ‘-1/3(vm)f(vm)=J -iz=—siIIT
2/3(vm)- ‘-2/3(vm)

(35)
Poco

Forthehighermodestheexpressionontheleftis convenientlyreplaced

by cotFvm- (fi/4~.Thedeterminationoftherootsofeqmtion(31)

thenin~olvesthedsimultaneoussolutionof equations(34)and(35).
Beforesolvingtheseequations,however,it is instructiveto examine
thegeneralsolutioninthelhdt ofhighfrequenciesandsogaina
betterinsightintothediffractionmechanism.

Behaviorof solutionat highfrequencies.-Thequantitiesu, Ul,

Q,and Q1 appearinginthegeneralsolution,equation(30),arerelated
inequations(32)and (33). Fromequation(34)it is‘clearthat T is
smallinthehigh-frequencyrange.Accordingly,put

Then,tothefirst

T = (+o)(l + ~) ; (36)

----- —.———__ .. ___ --.—_ .——.. _______ —- —— .——.—.-—. .—. . -
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[ 1Q=(CL/c)(Z/H) l/2- ~(C/Co)2(H/Z)l/2

wheretheappro~tion holdsprovided(z/H)>> ~. Similarly,

Introducingtheseexpressionsintoeqmtion(33)givestothefirstorder

~% (notethat tan-l
)

(ZC~/HC2S’2= sfi-l(z,H)l/2

%(4 u
[

[ 1}(@/co) SdZ/d’2 -(@’21- (z/H) 1’2-

( }%@H/co) stn-l(z/H)l/2+ (Z/H)l/2~ - (z/Hj1’2

Thefirsttermin

directlyfromray

r’(z)

thisphasefactorisrecognized.astheone

acoustics,namely,
{

[()/]]o t’(z)- r’ z co ,
..

{ “
= H sin-l(z/H)+ (z/H)

}
1/2~ - (z/H]1/2

t’(z)= (~/co)sti-l(z/H)l/2
1

obtained

inwhich

(37)

Thequantities.ro= r’(h)+ r’(z) and to = t’(h)+ t’(z) arethen.
thedistanceandtraveltime,respectively,ofa rayfromthesourceat
heighth to a pointatheightz ontheshadowboundary.Thesmall
coefficient~ ofthesecondtermh thephasefactoru iscomplex
andleadsto attenuationwhen r is~eaterthantheshadowdistancer..
Thisisseenby replacingtheHankelfunctionsa pearhgh solution(30)

7by thetiasymptoticformsandby usingequation37)fOr U md U1 to
obtainthehigh-frequencyapproximationto thegeneralsolution

.



NACATN 3494 21

l/2eiCDt-to- [1+%)(r-roj_J/co#eht“ ~, %($) { } (38)

where

Here,

Thequantity~ isthepressuresmplitudeofthemthmodeontheshadow
boundaryr . ro. titwodimensionsthefactorro/r isabsent.

Thephaseof expression(38)givesthe”the ofarrivalofeachmode
at a pointintheshadowzoneas

r - r.
t.to+

Co(l+ ~)

Thisequationindicatesthateachmodetravelsalongthedownwardlegof
theli.mit~rayto thegroundmd thentravelsa distancer - r. along
thegroundsurfacebeforef=y reachingthepoint(r,z)by a’path
psrallelto theupwardlegofthelimitingray. Thisis justwhatwould
be expectedfromFermat’sprinciple,sincethetraversalofthispath
clearlytakestheleasttime. Thesmallfrequency-dependentterm ~
leadsto dispersion.Itsimaginarypartisresponsiblefortheattenua-
tionwhichis seento takepkce onlyoverthehorizontalstretchalong
thegroundsurface.

Rateofdecayof soundh diffractionregion.-Thedecayof sound
intheshadowregiondueto diffractionaloneisgivenessentiallyby
thefirstmodeas 8.681mkldecibelspermetersincethehighermodes
attenuatemythmorerapidly.Thepropagationconstantk hasbeen
rektedto thetemperaturegadient ~,thefrequencyf =o@, and
theimpedanceZ throughequations(34)and(35).Since b = co/@ is
smallaccordingto thecriterionofeqution(29),equation(34)reduces
approx&atelyto

....— .-. -—— ———. — — — ——— —— —— —-—— -——.-.. —–.--
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or,on solvingfor 7,

TS=S

Eithera high-impedance
tion(35)maybe obtainedby
seriesabouttheinfiniteor

&/3+&v()--2
ora low-imyedance

NACATN 3494

approximateion

(39)

toeqw-
expandingtheleft-handsideina Taylor’s
zerohpedancevalues,respectively.Making

useofrecursionrelationsfortheBesselfunctionsh obta~ the
successivederivativesof f(v) andsettingf(vo). 0 thengive,for
thelow-hpedanceboundary,

f(v)=vo-v. (v- VO)2+ . . .
bvo

where V. = 2.38 forthefirstroot. Now,solvefor v to obtain
approximately

?v=vo-f-—
bvo

(40)

Fora high-impedanceboundary,put f(v.)= ~ where v.= 0.685
anddefineg(v)= l/f(v).Proceedinginthesamewayasbeforethe
equation

(v- VJ2
Idv)=v-vrm- ~ +*..

is obtained;whence,
g2

vz3~m”+g——
6vm

Finally,by expandingcosT,eqmtion(36),~
.

1~=+Imk=–——
2 co

where Imk isthehaginmypart of k.

Low-impedanceboundsry.-An expressionfor

(41)

be replacedby

(42)

T intermsof
!. = z/Poco and V. maybe obtainedbysubstitutingfromeqpation(39)
intoequation(38)andwritingeqmtion(35)as f = -i~T.T%isgives

. — ——
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?= ()+ 2/3
o + i~b

Substitutingthisintoequation(42)gives

(43)

Thisseriesholdsintherange 1~13~<(@o/cop)whichunderor-
atmosphericconditionsoutdoorsmeans !(l<<25 forfrequenciesofthe
orderof100cps. By includtngmoretermsintheTaylor’sexpansionit
canbe shownthatthecoefficientofthenexttermintheseries,pro-
portionalto 1~12,vagishes.

High-impedanceboundary.-An expressionfor T in termsof
7 = poco/zand v. maybe obtainedbysubstitutingfromequation(41)
intoeqya.tion(39)andwritingequation(35)as g . i~/T.Thisgives

Fromequation(42),

where T . ~qle-i~.Thisseriesholdsintherange @ ivl-?>>~
o

whichunderordinaryconditionsintheoutdooratmospheremeans
ICI>>25 forfrequenciesaroundl~ cps.

Inthisconnectionit isofinteresttonotethattheattenuation
constantfora pressure-releaseboundary(zeroimpedance)is2.3times
thatfora reflectingboundary(infinitehpedance).

Typicalnumericalexample.-Considera pointsourcelocated10feet
abovegroundanddrivenat 500cpsinanatmosphereinwhichtemperature
decreaseswithheightattherateof0.5°C perineter.A receiverlocated
at thesameheightpassesintothediffractionregionat a distanceof

——..— — ____ ---- .—.—____ ___ _
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550feet.Withinthisregionthesoundfieldbehaveslikea damped
cyltidricalwave. W otherwords,apartfromdecreasingattherateof
3 decibelsperdoulMngofdistancebecauseofdivergence,thesound
pressurelevelisobserved,fromequation(43),to diminishattheaddi-
tionalrateof78decibelsperl,CXIOfeetovera groundwitha norml
impedanceof pc. Iftheimpedanceis10PCthisratewillbe58decibels
per1,000feet.IKromequation(44),a perfectlyhardboundaryresultsin
a diminutionof35decibelsper1,(XQfeet. Notethatthemajorportion
ofthesoundintensitydecaysexponenttiywithdistanceata ratepro-
portionaltothetwo-thirdspowerofthetemperaturegradient.

LABORATORYmwmmmrs
PropagationChanber

Inthestudyofthesoundfieldinthelaboratoryitisessential
to obtaina hightemperaturegradientintheregionofsoundpropagation
in orderto securea shadowzonetithina reasonabledistancefromthe
soundsource.Tothisenda three-dimensionalpropagationchaniberwas
firstconstructed.It consistedofa woodenbox8by 4by 3 feetwith
acousticallyhm.ila.tedsidewalls.Inordertoreducethepresenceof
aircurrentsthetemperaturewasmadeto ihcreasewithheight.The
“ground”orhardboundarythenconsistedofa steelhotph.teplaced
alongthetopofthechaniberwhilewaterwascirculatedthroughcoils
inthebottom.Thetemperatureatdifferentheightswithinthechaniber
wasmeasuredby a seriesofmercurythermometers,whichwereshielded
againstradiation.Averagetemperaturegradientsoftheorderof80°C per
meterweresetupwithinthechamber,buttheywerefarfromuniform,
beinggreatestnearthehotsurface.Acousticmeasurementswerenadeby
introducinga puretoneintothecbiberat oneendandthenexploring
theresultantfieldneartheotherwitha condensermicrophone(Altec21B)
withprobeattachment.Theprobeconsistedofa 4-footFyrextubewhich
wasinsertedintotheboxthroughholesinthetop. Thesignalwas
amplifiedandmeasuredwitha narrow-bandwaveanalyzer(GeneralRadio).
Figure5 isa plotoftheintensityobtainedasa functionofdepth,the
labels(1),(2),and(3)referringto increasingdistancesfromthe
speaker,whichwasdrivenat 8,7~ cps. Thepresenceofa sluidowbound-
aryisrevealedintherathersharpdropoccurringintheintensityat
a depthofabout10 inches.It isalsonoticedthatthedepthtothis
boundaryincreaseswithdistancefromthesourceaswouldbe expected.
The“shadow-zonedistance”isinorder-of-magnitudeagreementwiththat
predictedby raytheory(eq.(4))forthiscase.

Thecruderesultsobtainedwiththischamberpointedtothedesira-
bilityofco~tructingan improvedchanberinwhicha morestableand
uniformtemperaturegradientcouldbe setup. Thefinaltwo-dimensional
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propagationchmiber,showninfigure6,wasfoundtobe satisfactory-
intheserespects.Thischamberallowscylindricalwavestopropagate
betweentwoplaneparallelsteelplatesspaceda distanceapartless
thanhalfa wavelength.Unwantedreflecticmsareeliminatedby means
of.a liningof sound-absorptionmaterial.Thechamberisheatedonthe
topandcooledatthebottomsothata verticaltemperaturegradientis
matitainedinthepropagationregion.

.,
Thesteelplateswiththedimensions8 feetby 3 feetby 5/16inch

areseparated5/8inch,heatinsulatedontheoutside,andsupported
verticallyina woodenf%ime.Five600-wattheatimgunitsareplaced
alonga 6-inch-wideplatewhichisboltedalongthetopofthechamber.
Thebottomis cooledby watercirculatingthrougha troughinwhichthe
platesrest. Thetemperatureismeasuredby meansofmercurythermometers
insertedintometalsleeveswhi’chfitintoholesboredat 6-inchintervals
inoneofthesteelplates.

.
A cylindricalsourceof soundIs simulatedby’aseriesof-1/8-inch

slotsaroundtheperipheryofa shortlengthofpipewitha 3/&inch
boreandwitha loudspeakerat oneend. Thepipeisinsertedthrough
thesteelplatesata depthof4 inchesbelowthehotsurface’.The
soundfieldisexploredwitha condensermicrophonewithprobeattach-
ment. Theprobeconsistsofa 4-footsteeltribewitha 3/16-inchbore
andisinsertedthroughholesat 10-inchintervalsalongthehdtplate.
Theseholesarenumberedfrom(1)to (9)startingfromthesourcein
figure6,andplotsmadeofmeasurementstakenthroughthemarenumbered
correspondinglyinthegkaphs(figs.9,,1.1,13,and14). Themicrophone
arrangementcanbe raisedorloweredcontinuouslyby meansofa motor-
tiivenelevator.Figure7 isa photographofthechsmberandelectronic
instruments.Considerationwasgivento thequestionofwhattemperature
distributioncouldbe predictedh thise’kperimentalsetup,allowance
beingmadeforthetemperaturedependenceofthethermalconductivityof
air. SinceitislmownthattheconductivityA(T)increaseswithtern.
perature,itfollowsthatthetemperaturegradientintheairspaceis
nonuniform,havinglargervaluesinregionsoflowtemperature.The
actualdistributionisgivenasthesolutionofthesteady%tateheat-
flowequation

tiv~(T)gradT]=0

subjecttotheappropriateboun&ryconditions.Thissolutionisworked
outinappendixD fora reasonablechoiceof A(T),andtheresultsare
presentedinfigure8. Thetemperaturemidwaybetweenthemetalside
wallsisplottedasa functionofdistancefromthehotsurfacefordif-
ferentvsluesoftheparameter7 whichistheratioof T ~ the0/ )
“heightoftheatmosphere”totheseparationL ofthesidewallsin
whicha constantgradientoftemperatureisasswedto exist.Thecurve

—- --- ——— ——. _——
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labeled7 = O thencorrespondsto thecasewherethesidewalls.@.ve
beenremovedto infinity.It isseenthatinallcasesthetemperature
gradientis essentiallyconstantnearthehotsurface.

ExperimentalResults

An averagetemperaturegradientof210°C permeterwasmaintained
h thesidewallsduringthesoundmeasurements.Sinceitappearedthat
sm inordinatelylongtimewouldhavetobe allowedforthechmiberto
attaina uniformtemperaturegradient,thesemeasurementswereusually
takenafterabout3 to 4 hoursofheating,atwhichtimethegradient
at thetopwasstillsomewh@higherthantheaverageone(about250°C
permeter).

Inthefirstseriesofmeasurementsmadeinthenewchaniberthe
sourcewasdrivencontinuouslyatvariousfrequencies.Theresultsof
a typicalsetofmeasurementsmadeat 9,2X cpsareshowninfigure9.
Theyarequalitativelysimilartothoseobtainedinthepreviouschamber.
Thesuddenriseinthesoundpressurelevelatthehotsurfacewasalways
observedjustastheprobetipreachedtheholeorificeandisprobably
dueto a diftiactioneffect.

Inallsubsequentmeasurementsthespeakerwasdrivenbypulses,and
theresultingsignalfromthemicrophone,suitablyamplifiedandfiltered,
wasthendisplayedonan oscilloscopescreenwhosesweepwastriggeredby
thepulsetothespeaker.Relativepressureamplitudemeasurementswere
madeby using= attenuatorin serieswiththeoscilloscopetomaintain
a constantpulseheightonthescreen.A blockdiagramoftheelectronic
setupi~giveninfigure10. Figure11 showstheresultsofa seriesof
measurementstakeninthiswaywiththespeakerdrivenby 8,000-cPsmilli-
secondpulses.Thepulselengthwasclearlynotshortenoughto eliminate
interferencecausedby reflectionsfromthehotsurfaceinthenormal
region.

To obtaina ~ferent pictureofthedistortionofthesoundfield
by thetemperaturegradient,therelativetimesofarrivalofthepulses
at differentpointsh thechamberwereobservedontheoscilloscope
screenby notingthedistancebetweenthebeginningofthesweepandthe
appearanceofthepulse.Figures12(a)and12(b)showtheresultsof
suchmeasurementstakeninthechaniberwhencoldandwhenheated,respec-
tively.Thenumbersgivethearrivaltimesofthe-pulsesinarbitrsxy
units. Surfacesof constantphasehavebeendrawninby Interpolation.
Thedistortionofthesesurfacesintheheatedchaniberisa@arent.

f.,
In orderto studytheeffectofanabsorbingboun~on thesound

field,a 2-inchlayerofglasswoolwasplaceddirectlyunderthehot
surface.Figure13givestheresultsofmeasurementstakenwithth@
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boundaryusingmillisecondpulsesat 8,~ cps,butwiththechaniber
unheated.Theincreasinglysteepdropinthepressurelevelasthe
boundarywasapproachedatgreaterdistancesfromthespeakersuggests
theshadow-zoneeffect.Itmaybe explainedqualitativelyas caused
by theincreasingimpedsncemismatchbetweenthewaveandtheboundary
fordecreasinganglesofincidenceandispredictedquantitativelyin
reference2.

Themeasurementsreportedinfigure14weretakeninorderto ilJ-us-
tratetheadditionalsoundattenuation-broughtaboutby theshadow-zone
effect.Thecurvesrepresentthedifferencesinlevelobtainedbetweena
seriesofmeasurementstakenat sixdifferentfrequenciesintheunheated
chamber-ahd“thesameseriestakeninthepresenceofa temperaturegra-
dient.Thereisa noticeableincreaseintheslopesofthesecurveswith
frequency,althoughfora givenfrequencytheslopesremainfairlycon-
stantwithdistancefromthesource.A comparisonofthesecurveswith
thoseoffigures9 and11 showsthattheshadowzonehasmovedin closer
tothesourceaswouldbeexpectedsincethetitroductionofa 2-inch
layerofglasswoolhasreducedthesourceheight.Thecurvesafforda
ratherstrikingillustrationofthefactthattheinfluenceofa tempera-
turegradientisquitenegligibleinthenormalregionbutbecomespro-
nouncedinthediffractionregion.

Theformofequation(38)indicatesthata moredirectcomp=ison
betweentheoryandexperimentwouldbe possibleifthepressuremeasure-
mentswereplottedas a functionofdistancefromthesourceratherthsm
depth,forsuchplotsshouldyieldstraightlinesinthediffraction
region.Sincetheexperimentalsetupwasnotadaptedto takingsuch
measurementsdirectly,theybd tobe obta~edfromthedepthmeasure-
mentsby plottingsuccessivelypointscorrespondingto thessmedepth.
To justifythisprocedure,itwasimperativeto tisurethatthesource
outputremainedconstsntovertherelativelylongperiodsinvolvedin
movingthemicrophoneandelevatorfromoneaccessholeto thenext.
Thiswasaccomplishedbyintroducinga monitortigmicrophonenearthe
source.Itspositionis clearfromfigures6, 7,and10. Whenthiswas
done,itwasfoundpossibletorepeatallmeasurementswithina variation
of1 decibeleitherway.

In figures15 to 17thepressurelevelhasbeenplottedas a function
ofdistancefromthesourceb meters.Thecurvesinfigure15,repre-
sentingmeasurementstskn at fourdifferentdepthsinthechaniberyhave
beenplacedoneabovetheother,andtheapproxin@eshadowboundaryas
suggestedby thecurvesthemselveshasbeendrawninas a dashedline.
FiguresI-6and17areplotsofpw=me =@itude me=~ements ~ d=f-

belstakenatthesourceheightwiththehardandtheabsorbingboun~,
respectively,andatfrequenciesof2,700,5,~0, 8j~0,and10,400CPS.
Intheshadowzoneinbothfigm?esthelevelisobservedto decrease
linearlywithdistancefromtheshadow-zoneboundary.
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Thetheorygivenpreviouslypredictsthatast~edistancefromthe
shadowboundary-creasesthebehaviorofthesoundfieldisgivenby
thefirstmode,whichdecaysattherateof8.68l%kldecibelsperunit
oflength.Jh orderto comparetheresultsinfigures16and17with
thetheory,assumeforthetemperature&adientthevalueprevailing
atthetopofthechamber,namely,~ . 250°C permeter,sincethe
raysareconfinedtothisregion.Correspondingly,T. . 450°C and
co= 42ometerspersecond.‘Thefollowingdecayrates”arethen
forthehardboundaryandarecomparedwiththemeasuredslopes
figure16:

obtained
in

Frequency,cps I Predicted,db/m I Measured,db/m

2,700 8.8 10
5,(X)0 10.8 14
8,000 12.7 l%

10,400 I 13.8 I 1+
H a PC impedanceisassumedfortheporouslayer,thefollowingvalues
areobtainedfromfigure17:

Frequency,cps Predicted;db/m Measured,db/m

2,7~ 19.5 19
5,0m 24.o 23
8,000 28.1 27
1O,4(X) 30.7 29

Thesemeasurementswererepeatabletowithin+ddecibel.Theagreement
isremarkablygoodforthesoft-boundarycase.Measuredvalueswiththe
hardhoundaryaresomewhatgreaterthanthosepredictedontheassumption
ofan infiniteimpedance,butthisisprobablytobe expectedsincein
practicetheimpedanceisalwaysloweredbythepresenceofa viscous
boundarylayer.

Figure18 isa logarithmicplotofthesedecaycurvesasa function
ofthefrequency,whichfromtheftisttermsofequations(43)and(4%)
shouldbe straightlinesofslope1/3. Thisisagainwellconfirmedin
thesoft-boundarycase.The’slopeforthehard-boundarycaseis somewhat
greaterthan1/3. Thisispreswnablyexplainedasa contributionfroma
finiteadmittance,duetoviscosityandheatconduction,whichissignif-

.

icantforgrazinganglesof incidence.
,,

.——— .
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CONCLUDINGREMARKS

A theoreticalandexperimentalstudyofthesoundfieldabouta
pointsourceovera planeboundaryinthepresenceofa verticaltem-
peraturegradienthasbeenmade. Resultsofthisstudyindicatethat
theexistenceofa temperaturegradient,whichby itse~leadsonlyto
a simplerefractionofthesoundrays,canin conjunctionwiththeground
boundaryresultintheformationofa “shadowzone.”Inthenearfield
(normalregion)theeffectofthetemperaturestratificationis slight.-
Thefieldisessentiallythatduetoa sphericalsourceandits-e in
theboundaryand,as such,dependsstronglyon.theboundaryimpedance. .

However,theresultsofthisstudyshowthatwithintheshadowzoneor
diffractionregionthediminutionofthesoundintensitywithdistance
isverymuch~eaterthanthatcausedbygroundandah absorptionina
homogeneousatmosphere.Infact,inthisregionthesoundbehaveslike
a dampedcylindricalwave,theintensitylevelofwhich,apartfrom
cylindricaldivergence,decaysltiearlywithdistance.Therateofdecay -
hasbeenobtatiedtheoreticallyintermsoffrequency,temperategra-
dient,andgroundhpedance.Theresults,boththeoreticalandexperi-
mental,indicatethatthemajorportionofthesoundintensitytithe
shadowregiondecaysexponentiallywithdistanceata rateproportional.
totheone-thirdpoweroffrequencyandto thetwo-thirdspoweroftem-
peraturegradient.Theeffectofbouadaryimpedanceentersmainly
throughitsresistivecomponent.Therateof sounddecayfora pressure-
releaseor
thatfora
islargely

absorbingboun-&y(zerohpedance)isfoundtobe 2.3times
reflectingboundary(infiniteimpedance)andforlowimpedances
independentofthereactivecomponent.

MassachusettsInstituteofTechnology,
Caibridge,Mass.,DeceniberI-2,1954.
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APPROXIMATION

.

.

APPENDIXA

OFA SLOWLYVl@YINGMEDIUM

Thegenerallinearwaveequationis (ref.8)

J‘p istheenthalpy.where So = Ifanadiabaticatmospherep =
T

rp7

isassumed,where 7 istheratioof specificheatsand r isa con-
stant,the”foll& equation

‘o =

maybe ob~ained:

7r— J7.-1)
7-1

Whence,fora stratifiedmedium,

vfio=X&fio=m!X
PP

Now, C2. ~; hence,
P

cl=— : C(7- l)%

Thus,

If itisassumedthat @ a eb ~-(‘/c~, itfouows directlythatthe
condition

.

isequivalentto
.’,

—.— ..— — -———_—— .—. .—— —. ..—. —— —.--—
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APPENDIXB

APPRO=TtON ‘IllWAVE

To evaluate

()12~=3Q lQ”-
4Q ‘~Q

where

~U.Nl?ION

()
5.Q2
36u

u=
J

Qdz
Zo

c = Co(l- z/H)1/2

computefirst

c’= -c.I2 2cH

c‘f= -c.
I
4 4c3H2

~4c4 $C04
Q’t= -

F&F+m

u= ( /~02k)~-l(Q/k)-(c/co)2QH+ U2H

When Q/k issmall,

.
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Substitutek2 . ‘2 1 ->( 7) where 7 = c2Q2/&. Then,

and

By combiningthese,thefollowingeqmtionisobtained:

)(0 = -(3/16)(co/c)4/H2-I-0$co2/mcH2 + . . .

.—-——–— —----- ---— —— ~—— . . .. .
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APPENDnc

SIMPLIFICATIONOFEIGENVALUE

In orderto findtheeigenvalues~ the
mustfirstbe determined.Theright-hsmdside

EQUATION

rootsofequation(31)
ofthisequationis

dFm
p

d u 1/2
K’= —dz ~ %/3 1‘2)(u)

Z=o

= ~(:~’2‘j(:~’2~zaH,,}2)(%)+(%%)1/2H-2,$2)(~)

sothat

(F)
imP loll?

-–+~* ’45)
lQO 1%’—= .—Z=O=G% -2%

z dz

wherethemimes denoteclifferentiationwithrespectto z. As wasshown
inappen& B, thevalues”of Q/u giveninequa~ions
be expandedintermsofthesmallquantity70 as

(32) and(33) may

where

,0= ~oQo/~)2= (3co%/=)2/3

Furthermore,

— .—
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fromwhichit foll.owsthat

35

Sincethefirsttermontherightsideisvery.smallcomparedwiththe
second,itis justifiabletoapprodma.teequation(45)by

‘1/3(vm)+ ‘-1/3(vm)
J2/3(vm)- ‘.2/3(vm)

_ -Wo ( )=Uoe-ti (WWo ,.vm ,

Thelaststepfollowsfromtherelations

HV [ 1‘2)(z)=(i/sinW) J-V(Z)- JV(z)eiw

JV(ze-ifi)= e-iWJV(z)

NOW, %2= [u2/c$) - kq”2 isitselfa functionof Vm through

equation(33)takenat z = ().Withthesubstitution~ . k tanT it
followsthat

Q. = (~/co)s~ T

whichtogetherwithequation(46)givesequation

●

(47)

(35) ●

. .—— _______ _________ ._ —.—.— ..—.- .—.
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APPENDIXD

TEMPERATUREDISTRIBUTEON INA RECTANGULARENCLOSURE

Thesteady-stateheat-flowequationis

div[h(T)grad~ .

where I(T) istheconductivityand T, the

o (48)

temperature.Thisequation
isnonlinearandisnoteasil.ysolveddfiectly.‘Storm(ref.9) k-s shown
ina studyofheatconductioninmetalsthatintheone-dhensionalcase
it canbelinearizedprovidedthat

is constant,where p isthedensityand ~, thespecificheatat con-
stantpressure.However,thisconditiondoe;not
inthecaseofa gasforanyreasonablechoiceof

Kinetictheorybasedona rigid-spheremodel
moleculesrepellingeachotheras theinversevth
thecoefficientsofviscosityandheatconduction

seemtobe satisfied
A(T).

predictsthatfor
powerofthedistance
shouldvaryas Ts,

2where s.4+— (ref.10).
2 v-1

Thistypeofdependenceisingood

agreementwithexperimentalresultsobtainedby Stops(ref.11)who
measuredthethermalconductivityofairovera widetemperaturerange

(00 to 1,000°

to obtain
()sc). Accordingly,put A = A ~
0 To

titheequation(48)

V~+:(~T)2 =0 (49)

It isrecognizedthatthisequationcanbe linearizedby thetransformation

1 .
T = T*l (50)

— ——



NACATN3494 37

so that

r

Intheexperimental
chamberinorderto

V+ . 0 (51)

setup thehightemperateisonthetopofthe
diminishtheeffectof convectionofairwhichis

disregardedhere.Furthermore,radiationisneglectedby asstingthat

UT4<< ~ gradT (u,Stefan-Boltzmmnconstant;~, conductivityof

themetal).Moreover,siucetheratiooftheconductivityofmetalto
airisontheorderof5,000forsteel,theheattransferbetweenthe
airandthesidewallswillhavea negligibleeffectonthetemperature
distribution.To a firstapproximation,thetemperature~dient within
thesidewallscanthereforebe assumedtobe constant.Theproblemis
thentofinda solutionto eqmtion(49)satisfyingtheboundarycondi-

()tionsT(x,O)= To and T~~,y =To - ~y. Ifthevariablesarechanged

as

-rv(s+l)(X,y) = T(y)
o

theproblemreducestothatofobtaininga solutiontoLaplace’sequation

-&<x<&ina boundedtwo-dimensionalregion, ~ . 0 ~YSTo/p, the= 2’

boundaryconditionsnowbeing

‘p;)y’)= (,ypo)s+’

T(X,O)= 1, T“(X,To/~)= O,and

Set T(X,Y)equaltoa linearcombinationoffunctions
Tl(x~Y)+ T2(XJY)J where T1 and T2 are separate solutionsto

&place’sequationsatisfyingtheboundarycodditionsjT1(X,O)= 1,

Tl(xjTo/~)= Tl(~/2jY)= O md T2(x,0)= T2(x,To/~)= O,

@@,3d = (@y/To)s+lExpressingthesolutionasa Fourierseries

intheusualwaygives

sinh(2m+ l)l17q cos(2m+ l)(Ycx/!G)
sinh(2m+1)JC7

(52)

—

—— ——-.—-- . .—-—. ——..—- ___ ——- .—..— -.—.—— .. . —
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m 1
EJ

s-l-lSb - ~ cosh(n@x/To) (53)T2=2 x sinmq
m== o cosh(nm/27)

where

To—=
~L 7

~=l.q
To

Useoftheidentities,

$ e-y ~-7+y-e-7sinh(7- y)—=
e7 _ e-7 Sinh7

and

m (-l)mE & 1e-(2m+l)(a+ib)
()

-1COSb.; tan —
m=oa+l sinha

where Re indicates“realpartof,” improvestheconvergenceof 71,
whichthenbecomes

.

~ (-l)me-(m1)fi7 SiIlh(2M+ 1) YC7(1 - ~)
an+l

Cos(al+ 1)(1-cx/d
m== sinh(2m+ 1)YC7 J

At x=O,

h
[

-1 -lf7(l-q) -~tan e

~ (-l)me-(=1)fi7 SiIlh(2hl+l)fi7(l- ~)_

m.o 2m+l sinh(2m+ l)fi7 -
.
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In thecaseof T2 it is readilyverifiedthatthevalueofthe
integralwhichappearsintheFouriercoefficientsdoesnotdependcrit.
ically onthevalueof s for n > 2 provided
s . 0 maybe takenfor n > 2 andtheintegral
Simpson’srulefor n=landn=2 with s=
at x . 0,thefollowingequationisobtained:

may be evaluatedby
o.~. Then,for T2

T2.:

Figure8 showscurvesof T = (T1+ T2)1/(*1) fordifferentvalues “
oftheparametery = To/~L. Thec&ve la~~led7 . 0 correspondsto
thecaseinwhichthesidewallshavebeenremovedto infinityandis
equivalentto a situationinwhichthesidewallsarereplacedby
nonconductors.

..————— —- .——.. .



Figure l.- Illustration of mechaniam of shadow-zone fomation.
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Figure2.-Distancer. to shadow-zoneboundaryat somceheighth in
temperaturegradient~. TemperatureatgroundiS To (oK).
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Figure 3.- Rqy diagram illustrating ccxwutation of intensity distribution
around a source in a stratified medium by conaid=ing geometrical
divergence of rays.



NACATN 3494 43

I

o

-[

m
v
.
0 -2

\
l-l

-3

-4

DIPOLE SOURCE

SIMPLE SOURCE

Q TZA Pm . -J. . .

,1 1.0 10

TO
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and(3)7 feet frcm speaker.
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is driven by 9, E73-cps millisecond pulsee.
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Figure 11. - Measured sound pressure level as a function of depth from a
hard boundary taken in chamber at (1) 4 incheg, (4) 35 inches,
(6)55inches,@ (8)76 inches frcm speaker, which was driven
by 8,~cps millisecoti pulses. Temperature gradient”waa about
2KF’ C per meter.
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